A Newman polynomial is a sum of powers of z, with constant term 1. The Newman polynomial of four terms whose minimum modulus on the unit circle is as large as possible is found by examining the expression /(4) = sup inf and determining an extremal system (xx, ... , x4) using a technique that reduces the problem to a finite search.
Introduction
Let P(z) = Y^"j=x a;z° be a complex polynomial. Erdös [1] and Littlewood [2] asked several questions concerning the minimum modulus of P(z) on the unit circle, under various restrictions of the coefficients a¡, e.g., \af\ -1 for j = 1, 2, ... , n . If we insist that a¡• = 1 for j = 2, ... ,n and rx -0, then P(z) is a Newman polynomial, as defined by Campbell, Ferguson, and Forcade [3] . Many other authors have investigated the minimum modulus of Newman polynomials, most notably Smyth [4] and Boyd [5] .
Rudolfer and Hayman [7] ask for information about fi(n) = sup inf X\<x2<-<x" <*€9t
If Xx = rx, Xf = rf, ... , xn = r" are natural numbers, we have f(n)= sup min|f(z)|.
rl<r2<-<r" |z|=l
The purpose of this paper is to calculate /(4) explicitly and, in the process, discover some examples of Newman polynomials with few terms, but large minimum modulus. /(2) is trivially 0, and /(3) is calculated in [3] , being attained for the Newman polynomial I + z2 + z3. We shall prove here that /(4) is attained for 1 + z2 + z3 + z4 .
Preliminaries
For n a natural number, we define F" : R" -> R via
Then we have f(n) = s\xvx¡<...<Xri infa£<)x Fn(xxa, ... , xna)xl2 . It is easy to show that (2) Fn(xx, ... ,xn) = n + 2Y^ cos(.xfc -xf), j<k and from this, that (3) is considered:
(4) F"(0, A2, A3, ... , An) = Fn(0, An -An_x, An -An_2, .
..An-A2,An).
Lemmas
We will need the following lemmas. Recall from (1) and (2) where ß = 0 or 1 is chosen so that the right-hand side is an even multiple of d. With ß so chosen, (5) is solvable. Let / = /n and k = ko be a solution.
Let t0 = (2/0 + l)7r/(x4 -x3), zx = t0x2 + (2ko + l)n , z2 = x2t0 , z3 -x3t0, and z4 = x4to-Then it is easy to check that (z4 -zf) = (2/0 + l)n and (zf -zx) = -(2ko + l)n . It remains to show (ii) is satisfied:
which completes the proof. Now it remains to eliminate most of the triples (a, b, c) in Table I , by showing that they violate one of the inequalities (iv)-(vi). Now c -a < b, so c -b < a; whence a \ (c -b), so if a is a prime bigger than 4, we have 1 gcd(q, c -b) ^ 1 1 _ a fl -5 4.18' so the triples (5, 12, 14) , (5, 8, 9) , (7, 12, 15 ), (7, 10, 12), (11, 15, 16), and (13, 20, 28) violate inequality (iv). This leaves only (4, 9, 10), (9, 16, 21), (6, 20, 21) , and (2, 3, 4 It is a simple calculus exercise to show this last expression is equal to 0.566... as desired.
Note that this is equivalent to saying min 11 + z2 + z3 + z4\ = (0.566... )1/2 = 0.7524 which appears in Table 1 License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Therefore, to find sup0</ll</42</l3 infa6m |F4(0, Axa, Afa, A3a)\, it suffices to look only at triples (Ax, A2 , A3) that satisfy the hypotheses of Lemma 3. But this means we need only check (2, 3, 4) and (4, 9, 10) . Now inf|F4(0,4a,9a, 10a)| < F4(0, 4(^), 9{&), 10(^)) = 0.3758... < 0.566... . 
Further results
In an effort to see how fast /(«) grows (or see if it is, in fact, monotonie), we explicitly computed several examples to estimate the size of /(5) and / (6) .
First, we generated all quadruples (Ax, A2, A3, Af) of natural numbers with %cd(Ax, Af, A3, A4) = 1 and 0 < Ax < A2 < A3 < A4 < 30. For each quadruple, we computed the values of F5(0, A\a, A2a,A3a, A4a) fora = 0, 0.01, 0.02, ... , 3.15 and saved the smallest value. The largest of these came from the quadruple (1, 2, 6, 9) .
The minimum value of F5(0, a, 2a, 6a, 9a) apparently occurs when a = n and gives the surprising value F5(0, n, 2n, 6n, 9n) = | 1 + ein + ei2n + ei6n + ei9n\2 = \l -1 + 1 + 1 -1|2= 1, which also appears in Table 1 of [5] . Thus /(5) > 1. We did the same for / (6) . We checked all tuples 0 < Ax < A2 < A3 < A4 < As < 30 and all values of a from 0 to n in increments of 0.001 and found that /(6) = sup inf 0<A,<-<Asa^m 5 1 + Y, eiA¡a > inf \l + ei6a + ei9a + eix0a + eil7a + ei24a\ & 1.1348... , which is achieved when a « 2.45 . Thus the Newman polynomials 1 + z + z2 + z6 + z9 and 1 + z6 + z9 + z10 + zxl + z24 have only five and six terms, but yet have minimum modulus on the unit circle larger than or equal to 1. In [5] Boyd shows that /(«) > 1 for 6 < n < 16 and conjectures that log/(«)/log« -> a > 0. It seems quite likely that /(«) is at least monotonie.
